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E-mail address: venkit@iitk.ac.in (V. ParameswaraThe variation of stress intensity factor along the thickness in a cracked transversely graded plate sub-
jected to in plane bending is investigated in this study. A transversely graded plate having elastic mod-
ulus varying continuously along the thickness was prepared by embedding glass beads in epoxy resin. An
edge crack in this plate was subjected to in plane bending and the crack tip displacement ﬁeld on the sur-
faces of the plate was measured using digital image correlation (DIC). Using the recently reported asymp-
totic displacement ﬁelds for cracked transverselty graded plates (Wadgaonkar, S.C., Parameswaran, V.,
2009. Structure of near tip stress ﬁeld and variation of stress intensity factor for a crack in a transversely
graded material, Journal of Applied Mechanics 76 (1), 011014), the stress intensity factor (SIF) on the sur-
faces of the plate was calculated from the experimental data. The results of this part of the study indi-
cated that the extent of variation of the SIF across the plate thickness is nearly the same as that of the
elastic modulus. An expression to calculate the variation of the SIF through the plate thickness was devel-
oped assuming simple bending of the plate. The predicted variation of SIF was veriﬁed through ﬁnite ele-
ment calculations. Further, the behavior of the SIF near the intersection of the crack front and the plate
surfaces, the extent of dominance of the corner singular ﬁeld and the exponent of the corner singularity
were also investigated in detail. Finally, the effect of gradation strength and gradation type on the SIF was
also studied.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The fracture mechanics of graded materials has received exten-
sive attention in recent years. The inﬂuence of elastic gradient on
the stress intensity factor (SIF) for cracks in graded materials is
very well established (Erdogan, 1995; Gu and Asaro, 1997). There
are many investigations addressing the effect of the elastic gradi-
ent on the structure of the crack tip stress and displacement ﬁeld
in graded materials (Chalivendra, 2008; Jain et al., 2004; Kubair
et al., 2005; Parameswaran and Shukla, 2002a,b). The dominance
of the classical inverse square root ﬁeld in these materials has also
received attention (Anlas et al., 2002; Shim et al., 2006). There are
studies reporting the use of regular and graded ﬁnite elements for
analyzing cracks in graded materials (Anlas et al., 2000; Kim and
Paulino, 2003). Though lesser in number, experimental investiga-
tions on the behavior of stationary as well as propagating cracks
in graded materials also have been reported in recent years (Aban-
to-Bueno and Lambros, 2006; Jain and Shukla, 2006; Rousseau and
Tippur, 2001). In all these investigations, the property variation
considered was restricted to the plane of crack. The propertiesll rights reserved.
: +91 512 2597408.
n).are therefore invariant along the crack front and the problem is
treated as a plane problem.
In the case of a through thickness crack in a plate graded along
its thickness (transversely graded plate), the properties will vary
along the crack front and the problem becomes three dimensional
in nature. Such a situation also exists for semi-elliptical surface
cracks in plates graded along the thickness and this problem has
been studied in detail by Ayhan (2007, 2008), Walters et al.
(2004) and Yildirim et al. (2005) using ﬁnite element method.
Walters et al. (2006) have thoroughly explained the application
of two-state interaction integral method to calculate mixed-mode
stress intensity factor for three dimensional cracks in graded mate-
rials. In their work, they have discussed in detail the interaction
integral terms arising out of material non-homogeneity and also
demonstrated the effectiveness of the method through example
problems.
Recently, Wadgaonkar and Parameswaran (2009) investigated
the asymptotic structure of the stress and displacement ﬁelds in
a cracked transversely graded plate using the eigen function
expansion method. They showed that the crack tip stresses in a
transversely graded plate retain the classical inverse square root
singularity and the ﬁrst three terms in the expansion of the stress
and displacement ﬁeld have the same angular structure as that for
a homogeneous material. Using strain gages, they measured the SIF
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concluded that the SIF on the stiffer side of the plate is consider-
ably higher than that on the compliant side. As measurements
were made only on the surfaces of the plate, the exact variation
of SIF through the plate thickness could not be reported.
In the present study, the variation of the SIF along the thickness
of the plate (crack front) is further investigated. The near tip dis-
placement ﬁeld on the stiff and compliant surfaces of a cracked
transversely graded plate subjected to bending in the plane of
the plate was measured using digital image correlation (DIC). The
applicability of the asymptotic displacement ﬁeld reported by
Wadgaonkar and Parameswaran (2009) for extracting the SIF from
the measured displacement ﬁeld is then demonstrated. Using the
insight obtained from the experimental measurements, an expres-
sion for calculating the variation of the SIF along the thickness of
the plate is proposed. A three-dimensional ﬁnite element analysis
is also performed to establish the accuracy of the predicted SIF var-
iation. The behavior of the SIF near the intersection of the crack
front and the plate surfaces is explored in detail using the ﬁnite
element results. Finally, the effect of the strength of the elastic gra-
dient and the type of gradation on the SIF is also established. The
details of the work are presented in the following sections.
2. Experimental details
2.1. Preparation of graded plate and experimental set up
The transversely graded plate required for the study was pre-
pared by embedding glass beads in epoxy resin. A gravity casting
technique was used to obtain continuous variation of the glass
bead content along the plate thickness. Slices of 1 mm thickness
were taken along the thickness direction of the prepared plate to
determine the density variation along the thickness. From the mea-
sured density, the variation of glass bead content along the thick-
ness was calculated using rule of mixtures. The elastic modulus
as a function of the glass bead content was determined by testing
homogeneous samples having different glass bead content. Using
this information and the variation of the glass bead content along
the thickness, the elastic modulus variation along the plate thick-
ness was determined. Further details can be found in Wadgaonkar
and Parameswaran (2009). Fig. 1 shows the elastic modulus varia-
tion for the graded plate used in this study. It can be seen from
Fig. 1 that, across the plate thickness (z), the elastic modulus varies
continuously from 3 to 7 GPa in a near exponential manner as indi-
cated by the solid curve. A single edge notched (SEN) specimen of
length 160 mm, width 40 mm and thickness (t) of 12 mm was ma-
chined out of the prepared plate. A notch of 12 mm length was ﬁrst
machined and then the same was extended to a length of 14 mmy = 3e0.071x
R2 = 0.9786
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Fig. 1. Elastic modulus proﬁle of the transversely graded plate.by forcing a sharp razor blade into the notch tip. The SEN specimen
was loaded in bending as shown in Fig. 2a.
The in plane displacement ﬁeld (ux and uy) on the specimen sur-
face was measured using digital image correlation (DIC). To facili-
tate the DIC measurement, a random intensity pattern (see Fig. 2b)
was applied on the surfaces of the specimen using black and white
aerosol paint. The photograph of the pattern was recorded before
loading and at a load of 500 N using a 12 bit, 2 Mega pixel CCD
camera. The in plane displacements were calculated by correlating
the images using the Vic2D software (Correlated Solutions Inc.,
NC). Further details of the DIC technique can be found in McNeill
et al. (1987). The displacements on the stiff (E = 7 GPa) and compli-
ant (E = 3 GPa) surfaces were obtained from separate experiments,
however, for the same load of 500 N. The SIF was determined from
the measured displacements as explained in the next section.
2.2. Determination of SIF from experimental data
Typically the SIF is determined by ﬁtting the asymptotic crack
tip displacement ﬁelds to the experimentally measured displace-
ments (McNeill et al., 1987). For exponential variation of elastic
modulus, the ﬁrst three terms in the asymptotic expansion of the
displacement ﬁeld for a crack in a transversely graded plate was re-
ported recently (Wadgaonkar and Parameswaran, 2009). Only the
details relevant to the application of these ﬁelds for extracting
the SIF from the measured displacements will be given here. For
an opening mode crack in a transversely graded plate, the ﬁrst
three terms in the expansion of the in plane displacement ﬁeld
are as follows:
ur ¼
X3
n¼1
rn=2fnðh; zÞ; uh ¼
X3
n¼1
rn=2gnðh; zÞ ð1Þ
where ur and uh are the displacement components in cylindrical
coordinates having origin at the crack tip. The functions fn and gn
are as follows:
f1 ¼ B1ðzÞ cos 3h2  ð5 8mÞ cos
h
2
 
;
g1 ¼ B1ðzÞ sin
3h
2
 ð7 8mÞ sin h
2
 
;
f 2 ¼ B2ðzÞ cos 2h; g2 ¼ B2ðzÞ sin 2h;
f 3 ¼ B3ðzÞ cos
5h
2
þ ð3 8mÞ cos h
2
 
;
g3 ¼ B3ðzÞ sin
5h
2
 ð9 8mÞ sin h
2
 
ð2Þ
The functions fn and gn in Eq. (2) are identical to that for a crack in a
homogeneous material given by Hartranft and Sih (1969). Further
one can notice that the angular structure of the functions fn and
gn is identical to that given by Williams (1957) for a plane crack
in a homogeneous material. However, the constants in the Wil-
liam’s expansion are replaced by functions Bn(z). The Cartesian com-
ponents of the displacements ux and uy will therefore have the
following form:
ux ¼
X3
n¼1
ð1þ mÞ
EðzÞ CnðzÞr
n=2 ð3 4mÞ cosn
2
h n
2
cos
n
2
 2
 
h

þ n
2
þ ð1Þn
n o
cos
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ð3Þ
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X3
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2
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Fig. 2. (a) Single edge notched plate subjected to four-point bending. (b) Random intensity pattern applied to the boxed area indicated by broken lines in (a).
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ing mode SIF as C1ðzÞ ¼ K1ðzÞ=
ﬃﬃﬃﬃﬃﬃ
2p
p
. Since the experimental mea-
surement of the displacements is possible only on the two
surfaces of the plate, the value of the functions Cn(z) on the surfaces,
z = 0 (the compliant surface) and z = t (the stiff surface) can only be
calculated by ﬁtting Eqs. (3) or (4) to the measured displacements.
In this context it is important to note that the measured displace-
ments also include the translation of the crack tip as well as rigid
rotation of the entire specimen. This rigid body part of the displace-
ment has to be accounted for while using Eqs. (3) or (4) to extract
the SIF. To accomplish this, the total displacement including the ri-
gid body part is written as follows:
uTx ¼ ux þ Tx  Ry ð5Þ
uTy ¼ uy þ Ty þ Rx ð6Þ
where Tx and Ty are the translation of the crack tip in the x- and y-
directions, respectively, and R is the rigid body rotation. The values
of the functions Cn(z) on the surfaces along with Tx, Ty and R are
determined by ﬁtting Eqs. (5) or (6) to the measured displacement
ﬁeld in a least square sense. In the present study the opening dis-Table 1
Stress intensity factor variation in a cracked transversely graded beam.
Location E (GPa) m SIF ðMPa ﬃﬃﬃﬃﬃmp Þ
Experiment Eq. (25)
Epoxy side (z = 0) 3.0 0.375 0.512 0.492
Glass bead side (z = t) 7.0 0.350 1.255 1.144
Fig. 3. Experimentally (solid lines) obtained opening displacement ﬁelds (uy) superimp
values are in micrometers.placement uy was used to calculate these quantities. As the elastic
ﬁelds are invalid very close to the crack tip, the displacements with-
in a region of radius 2 mm around the crack tip was not used in the
extraction of SIF (Abanto-Bueno and Lambros, 2006). Similarly data
from the region of radius greater than one plate thickness (12 mm)
were not used in order to avoid boundary effects. After extracting
the values of the function Cn(z), Ty and R, the displacements were
regenerated using Eq. (4) and plotted along with the measured dis-
placements to assess the accuracy of the extracted values. The val-
ues of the SIF extracted from the experimental data are reported in
column 4 of Table 1. The values of the SIF given in column 5 of Table
1 will be discussed in the next section. It can be observed from Ta-
ble 1 that the SIF on the stiffer side is nearly 2.5 times that on the
compliant side. This observation is in agreement with that reported
earlier (Wadgaonkar and Parameswaran, 2009).
Fig. 3 shows the comparison of the regenerated displacement
ﬁeld and the measured displacement ﬁeld. It can be observed that
the regenerated ﬁeld matches very well with the measured ﬁeld on
both surfaces indicating that the three term solution given in Eq.
(4) is able to represent the opening displacement ﬁeld accurately.
The good match observed in Fig. 3 also conﬁrms the accuracy of
the SIF estimated. Further, another interesting observation is that
the displacement ﬁeld is identical on both sides of the plate. This
is an indication that the bending is essentially in the x–y-plane
and it is reasonable to assume that the displacement ﬁeld is invari-
ant through the thickness. The experimental measurements only
provide the values of SIF on the surfaces of the plate. The variation
of the SIF through the plate (along the crack front) will be derived
in the next section.osed with that calculated (dashed lines) using the ﬁrst three terms in Eq. (4). The
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3.1. Bending stress in a graded beam
The experimental observations indicate that the displace-
ments are invariant through the thickness and hence the speci-
men bends essentially in a single plane. In this section we ﬁrst
solve for the bending stress in a transversely graded beam sub-
jected to a general state of loading. Fig. 4 shows a section of a
transversely graded beam of rectangular cross section along with
the applied loads. The z-axis is along the thickness of the beam
and the origin of the coordinate reference is located at the geo-
metrical centroid of the cross section. We start with the assump-
tion that the plane sections of the beam remain plane after
deformation and ryy is the only non-zero stress component in
the beam. This leads to the following variation for the bending
strain and stress:
eyy ¼ aþ bzþ cx ð7Þ
ryy ¼ EðzÞeyy ð8Þ
where a is the strain at the centroidal axis, b is the out of plane cur-
vature and c is the in plane curvature. The bending stress is related
to the force and moment resultants as follows:Z Z
Area
ryy dxdz ¼ N ð9ÞZ Z
Area
ryyzdxdz ¼ Mx ð10ÞZ Z
Area
ryyxdxdz ¼ Mz ð11Þ
Substituting for ryy in the above equations from Eq. (8), we get a
system of linear equations as follows:
R R
Area EðzÞdzdx
R R
Area EðzÞzdzdx
R R
Area EðzÞxdzdxR R
Area EðzÞzdzdx
R R
Area EðzÞz2 dzdx
R R
Area EðzÞzxdzdxR R
Area EðzÞxdzdx
R R
Area EðzÞzxdzdx
R R
Area EðzÞx2 dzdx
0
B@
1
CA
a
b
c
0
B@
1
CA
¼
N
Mx
Mz
0
B@
1
CA
ð12Þ
Due to the geometric symmetry of the cross section about x- and z-
axis and the fact that elastic modulus depends only on z, the inte-
grals
R R
Area EðzÞxdzdx and
R R
Area EðzÞzxdzdx will vanish and Eq.
(12) can now be re-written as follows:
A B 0
B D 0
0 0 T
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Fig. 4. Bending of a transversely graded beam: axis convention and loads.where
A ¼
Z Z
Area
EðzÞdzdx; B ¼
Z Z
Area
EðzÞzdzdx;
D ¼
Z Z
Area
EðzÞz2 dzdx; and T ¼
Z Z
Area
EðzÞx2 dzdx ð14Þ
By solving Eq. (13) and using Eq. (7) we can relate the bending
strain to the applied loads as follows:
eyy ¼ NDMxB
AD B2
 
þ NBþMxA
AD B2
 
zþ Mz
T
 
x ð15Þ
It should be noticed that Eq. (15) indicates a coupling between axial
load (N) and the out of plane bending moment (Mx) arising due to
the asymmetry in modulus variation along the thickness. However,
when N =Mx = 0 andMz – 0, there will be no coupling and the beam
will bend in the x–y-plane for which the bending strain and stress
are as follows:
eyy ¼ MzT x ð16Þ
ryy ¼ EðzÞeyy ¼ EðzÞMzT x ð17Þ
For the rectangular cross section shown in Fig. 6, we can write T as
follows:
T ¼
Z t=2
t=2
EðzÞdz
Z W=2
W=2
x2 dx ¼ Izz 1t
Z t=2
t=2
EðzÞdz ¼ IzzEe ð18Þ
where Izz is the area moment of inertia about the z-axis and Ee is an
equivalent modulus. We can also write the moment–curvature rela-
tion for a transversely graded beam as follows:
Mz
T
 
¼ d
2ux
dy2
¼ Mz
EeIzz
 
ð19Þ
For an exponentially varying elastic modulus, E(z) = E0eaz, where Eo
is the mid plane modulus, the equivalent modulus Ee will become
Ee ¼ E2  E1lnðE2=E1Þ ¼
E1ðeat  1Þ
at
ð20Þ
where E1 and E2 are the elastic modulus at z = t/2 and z = t/2,
respectively. Eq. (21) indicates that the bending stress has the same
variation as that of the elastic modulus in the z-direction.
ryyðx; zÞ ¼ EðzÞMzEeIzz x ð21Þ3.2. Stress intensity factor variation
The stress intensity factor for an edge cracked homogeneous
beam subjected to pure bending is given in Eq. (22) (Anderson,
1995).
Kth1H ¼ r
ﬃﬃﬃﬃﬃﬃ
pa
p
Yða=WÞ ¼ MzW
2Izz
ﬃﬃﬃﬃﬃﬃ
pa
p
Yða=WÞ ð22Þ
Yða=WÞ¼ 1:121:40 a
W
 
þ7:33 a
W
 2
13:08 a
W
 3
þ14:0 a
W
 4 
ð23Þ
where r is the maximum bending stress (at x =W/2) in the beam.
The SIF Kth1H given in Eq. (22) depends only on loading and geometry.
Eq. (21) indicates that the variation of the maximum bending stress
along the thickness in a graded beam is identical to the variation of
the elastic modulus. Therefore using Eq. (21) and Eq. (22), the SIF,
Kth1TðzÞ for the cracked graded beam can be written as follows:
Kth1TðzÞ ¼
EðzÞ
Ee
MzW
2Izz
ﬃﬃﬃﬃﬃﬃ
pa
p
Yða=WÞ ¼ EðzÞ
Ee
Kth1H ð24Þ
2424 R. Kommana, V. Parameswaran / International Journal of Solids and Structures 46 (2009) 2420–2428In Eq. (24), K th1H is the SIF calculated using Eq. (22) for a homoge-
neous beam having same geometry and crack length as that of
the graded beam and subjected to the same bending moment. For
the particular case of exponentially varying elastic modulus, the
SIF can be written as follows:
Kth1TðzÞ ¼
eatat
eat  1K
th
1H ð25Þ
The SIF calculated using Eq. (25) is compared with that obtained
from experiments in Table 1. It can be observed that, on the sur-
faces, the SIF calculated using Eq. (25) is in good agreement with
that obtained from the experiment.
4. Finite element analysis
In the previous sections it was shown through experimental
measurements that, in a cracked transversely graded plate sub-
jected to in plane bending the displacement ﬁeld is invariant
through the thickness whereas the SIF varies across the thickness.
An expression to calculate the variation of SIF was also proposed
and the predicted SIF compared reasonably well with the mea-
sured SIF on the surfaces. A three dimensional ﬁnite element (FE)
analysis was performed to understand further the variation of
the SIF through the thickness. In particular the behavior of the
SIF in the region where the crack front intersects the lateral sur-
faces of the plate was investigated. The details are presented in
the following sections.
4.1. Finite element model
As the problem is symmetric about the crack (x–z-plane), only
one half of the SEN specimen shown in Fig. 2 was modeled. TheFig. 5. Details of the ﬁndimensions of the FE model were exactly the same as that given
in Fig. 2. The analysis was performed using the commercial ﬁnite
element package ABAQUS. The SEN specimen was modeled with
20 node reduced integration brick elements (C3D20R). Collapsed
20 node elements with quarter point nodes were used around
the crack front. Fig. 5 shows the details of the FE mesh. The mesh-
ing scheme used in this study is similar in principle to that used by
Nakamura and Parks (1988). In the x–y-plane the meshing was
done such that the mesh size reduces progressively towards the
crack tip as shown in Fig. 5(a). A circular zone of radius 14 mm
around the crack front was modeled with 18 circumferential seg-
ments as shown in Fig. 5(b). In this region, along the radial direc-
tion the element size was progressively decreased towards the
crack front. Further mesh reﬁnement in the radial direction was
done within a region of radius 0.18t as shown in Fig. 5(d). The crack
tip elements had a size of 0.001t along the radial direction. The
same meshing pattern was repeated for all layers along the thick-
ness of beam.
Across the thickness, the graded plate was modeled as a se-
quence of homogeneous layers, each having a constant elastic
modulus. The overall elastic modulus gradient was modeled by
assigning different modulus to different layers. The modulus as-
signed to each layer was calculated at the mid thickness of the
layer using the assumed elastic modulus variation. In this context
the number of such homogeneous layers to be used across the
thickness is important to appropriately represent the elastic mod-
ulus variation. Two different models were used one having layers
of 1 mm thickness and the other having layers of 0.5 mm thickness.
The layers adjacent to the lateral surfaces of the plate were fur-
ther divided into sub layers such that the thickness of these layers
decreased progressively towards the lateral surfaces of the plate as
shown in Fig. 5(c). This was done to capture the variation of the SIFite element model.
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ness of the element layer adjoining the free surface was 0.002t. The
reﬁned model (0.5 mm thick layers) had a total of 42 layers across
the thickness and consisted of 57,456 elements and 243,741 nodes.
The support conditions and loading applied are shown in Fig. 6.
Symmetric boundary conditions were prescribed on the un-
cracked portion and the vertical displacement was arrested on
the nodes along the mid depth as shown in Fig. 6. In order to be
consistent with the experiments, a constant downward displace-
ment (d in Fig. 6) was applied on a line of nodes on the top surface
of the beam. The value of this displacement was adjusted such that
the total force (2F) on the beam is same as that applied in the
experiment.
4.2. Calculation of SIF from FE results
The SIF can be calculated from FE results using different meth-
ods. Calculating the SIF from the J integral is the most convenient
and widely used approach. For three-dimensional cracks in homo-
geneous materials, J integral can be calculated by the domain inte-
gral method (Moran and Shih, 1987). Following a similar approach,
Walters et al. (2004) developed the domain integral for three-
dimensional cracks in graded materials. The local value of the J
integral is evaluated by considering an inﬁnitesimally small (in
length) cylindrical volume with its axis along the crack front and
then evaluating J in a two dimensional sense assuming that the
ﬁeld is invariant along the axis of the cylinder. Further details of
this procedure can be found in Walters et al. (2004). While evalu-
ating the J integral, the gradient of strain energy density along the
direction of crack extension has to be calculated. In the case of
graded materials, the elastic properties vary in space and therefore
the strain energy density will have an explicit dependence on the
spatial position. However, in the present case, the crack front is
straight and the elastic properties vary only along the crack front.
Therefore the explicit spatial derivative of the strain energy density
(Walters et al., 2004) along the direction of the crack extension will
vanish and hence one can use the same expression used for homo-
geneous materials to calculate J in the present case. However, suf-
ﬁcient number of layers should be used along the thickness to
ensure that the elastic ﬁelds and elastic properties do not vary
drastically across the layers. In linear elastic fracture mechanics
the local SIF ðKL1Þ is directly related to the local J integral (JL)
through the local elastic modulus, EL as given in Eq. (26) (Nakam-
ura and Parks, 1988; Walters et al., 2004). One should observe that
a plain strain condition is implied in the following equation:
KL1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
JLEL
ð1 m2Þ
s
ð26Þ
The standard feature available in ABQUS for evaluating JL was used
along with Eq. (26) to calculate the SIF variation across the thick-
ness. In order to ensure that the number of layers considered int 
δ
S/2
W
d 
a 
ux=0
y 
x
z 
uy=0 
Fig. 6. Support conditions and loading applied in the FE model.the model is adequate, a convergence study was performed by ana-
lyzing FE models having two different layer thicknesses as men-
tioned earlier. An exponential variation having elastic modulus
varying by 5 times (E2/E1 = 5) across the thickness was assumed.
The variation of the SIF along the thickness for these two models
is shown in Fig. 7. It can be observed from Fig. 7 that the SIF values
from both models are in good agreement. The 0.5 mm thickness
model was used for all further results reported in this work.
4.3. Comparison of experimental, theoretical and FE results
A comparison of the opening displacement (uy) obtained from
DIC measurement and from FEA is shown in Fig. 8 for the epoxy
rich and glass bead rich sides of the graded SEN specimen. It can
be noticed that the displacements agree very well. Fig. 9 shows
the variation of SIF calculated using Eq. (25) and calculated from
FE results for the gradation shown in Fig. 1. For the sake of compar-
ison, the SIF for a homogeneous material is also given in Fig. 9. One
can see that for the homogeneous case, the SIF drops drastically to-
wards the two ends of the crack front (z/t = 0 and 1) and the vari-
ation is symmetric about the mid-layer (z/t = 0.5). Further, within
the plate, the SIF calculated using the theoretical expression (Eq.
(22)) underestimates the SIF by about 10%. This observation is very
much in agreement with that reported earlier by Nakamura and
Parks (1988).
In the case of graded material also, except for a very small re-
gion near the ends of the crack front (z/t  0 and z/t  1), the SIF
calculated using Eq. (25) is within 10% of that obtained from FEA.
Therefore it can be concluded that, within the plate, Eq. (25) pro-
vides estimates of SIF accurate enough for practical purposes and
the accuracy is very much comparable to the accuracy obtained
from Eq. (22) for a homogeneous material.
In the graded case also, the SIF drops drastically towards the
two ends of the crack front. Similar reduction in the SIF near the
intersection of the crack front and the free surface has been re-
ported for surface cracks in graded plates by Ayhan (2007). This
behavior of SIF is attributed to the existence of the corner singular
stress ﬁeld near the intersection of the crack front and the free sur-
face (Benthem, 1977) and will be discussed in detail in the next
section. The large discrepancy between the SIF obtained from FE
analysis and that calculated using Eqs. (22) and (25) near the free
surface is not a surprise, as these equations do not account for the
corner singular ﬁelds. Further it is interesting to note that the SIF
obtained from experimental measurements does not reﬂect such
a reduction near the free surface. A plausible reasoning for this
behavior is provided in Wadgaonkar and Parameswaran (2009).Fig. 7. Convergence of SIF with respect to the mesh size along the thickness.
Fig. 8. Opening displacement ﬁeld from FEA (dashed lines) and experiment (solid lines).
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Fig. 9. Comparison of SIF obtained from experiment (ﬁlled data points), theoretical
expression (dashed lines) and FEA (solid lines).
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The SIF calculated from the FE results exhibits a signiﬁcant
reduction near the intersection of the crack front and the free sur-
faces. In the region close to the intersection of the crack front and
the free surface, the classical inverse square root ﬁeld looses its
validity and the stresses follow the corner singular ﬁeld (Benthem,
1977). According to Benthem (1977), for homogeneous materials,
the corner singularity ﬁeld can be expressed as
rij / qkgijðk; h;/Þ ð27Þ
where gij are dimensionless functions deﬁned with respect to the
spherical coordinates centered at the intersection of the crack tip
and the free surface such that
q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr2 þ z2Þ
q
; / ¼ tan1 r
z
 
ð28Þ
The power of the corner singular ﬁeld, k, depends on the value
of Poisson’s ratio and the angle of intersection of the crack front
with the free surface. The power of the corner singular ﬁeld devi-
ates only slightly from the classical inverse square root singularity.
However, for small values of z near the free surface in homoge-
neous material, the SIF, K local1 varies as
K local1 ðzÞ ¼ Bzkþ1=2 ð29Þ
Here the constant B represents the intensity of corner singularity
ﬁeld, also called as the corner stress intensity factor (Benthem,1977). According to Eq. (29), the classical SIF, K local1 vanishes on
the free surface (z = 0). For opening mode cracks in homogeneous
materials, a detailed investigation on the corner stress ﬁeld, its zone
of dominance and the value of corner stress intensity factor can be
found in Nakamura and Parks (1988). We follow a similar procedure
to evaluate the parameters of the corner singular ﬁeld from FE re-
sults for a graded plate. We assume that, for a graded material also,
the local SIF K local1 follows similar variation as that given in Eq. (29).
After normalizing with K th1T we can write the following equation:
K local1 ðzÞ
Kth1TðzÞ
¼ BðzÞt
kþ1=2
Kth1TðzÞ
 !
z
t
 kþ1=2
¼ bðzÞ z
t
 kþ1=2
ð30Þ
Taking logarithm on both sides reduces Eq. (30) to the following
form:
log10
K local1T
Kth1TðzÞ
 !
¼ ðkþ 1=2Þlog10
z
t
 
þ log10ðbðzÞÞ ð31Þ
The plot of K local1 ðzÞ=Kth1 ðzÞ against z/t in the log–log domain is
shown in Fig. 10 for a homogeneous plate as well as for the graded
plate. Fig. 10 indicates that, for small values of z, the variation is
linear in both cases. This suggests that b is in fact a constant for
a graded plate as well. Thus the variation of the corner SIF, B, along
z is identical to that of Kth1TðzÞ. From the linear portion of the log–log
plot in Fig. 10, the value of k and b can be obtained. Once the value
of b is obtained the value of B at the surface can be calculated. Fol-
lowing Nakamura and Parks (1988), the region of dominance of the
corner singular ﬁeld was estimated by determining the value of z
for which K local1 ðzÞ ¼ 0:99Kth1 ðzÞ. The parameters of the corner singu-
lar ﬁeld thus obtained are given in Table 2 for the graded plate
(Fig. 1) and also for a homogeneous plate. The value of the index
k obtained agrees closely with that predicted by Benthem (1977)
for the assumed Poisson’s ratio of 0.35 for both homogeneous plate
and the graded plate. The size of the corner singular ﬁeld is also in
the same range as that reported by Nakamura and Parks (1988).
6. Effect of gradation strength (E2/E1) and gradation type on SIF
The effect of the gradation strength (E2/E1) and gradation type
on the variation of SIF was examined using FEA. The different
material gradations considered in this study are shown in Table
3. While comparing the different type of gradations, the equivalent
modulus was kept same for all the cases except case C6. Cases C5
and C6 are both linear, have the same E2/E1 ratio; however, the
equivalent modulus is different. The variation of the elastic modu-
lus for the six cases given in Table 3 is shown in Fig. 11. The dis-
placement applied (d in Fig. 6) in the FE analysis was such that
Fig. 10. Extraction of the parameters of the corner singular ﬁeld (a) homogeneous
material, (b) graded material: epoxy rich side, and (c) graded material: glass bead
rich side.
Table 2
Parameters of the corner stress ﬁeld.
Parameter Homogeneous material
(E = 4.72 GPa)
Graded material (E = 3.0e0.071z GPa)
Epoxy rich
side (z = 0)
Glass bead
rich side (z = t)
k 0.441 0.437 0.445
Size (z/t) 0.032 0.045 0.025
Btkþ1=2=K th1 1.213 1.204 1.212
Kth1 ðMPa
ﬃﬃﬃﬃﬃ
m
p Þ 0.771 0.492 1.144
Kexp1 ðMPa
ﬃﬃﬃﬃﬃ
m
p Þ – 0.512 1.255
Table 3
Various material gradations considered.
Case Type E2 (GPa) E1 (GPa) E2/E1 Variation (E in
GPa, z in mm)
Ee (GPa)
C1 Constant 4.72 4.72 1.00 E = 4.72 4.72
C2 Exponential 3.00 7.03 2.33 3.0e0.071z 4.72
C3 Linear 2.84 6.60 2.33 2.84 + 0.314z 4.72
C4 Exponential 1.90 9.50 5.00 1.9e0.134z 4.72
C5 Linear 1.57 7.86 5.00 1.57 + 0.524z 4.72
C6 Linear 1.90 9.50 5.00 1.9 + 0.633z 5.70
Fig. 11. Different elastic modulus gradations considered.
Fig. 12. Variation of SIF along the crack front for different gradations given in Table
3.
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dations. The variation of the SIF along the thickness for all cases isshown in Fig. 12. It can be seen that SIF variation for linear and
exponential gradation are nearly identical for E2/E1 = 2.3. However,
the same cannot be observed for the case of E2/E1 = 5.0. The SIF var-
iation for cases C5 and C6 are exactly identical. The variation of the
normalized SIFs, (normalized by the corresponding theoretical SIF,
K local1 =K
th
1T) is shown in Fig. 13 for all the gradations. It can be seen
that after normalization, all curves merge towards that for the
homogeneous material (case C1).
7. Conclusions
The problem of an edge crack in a transversely graded plate
subjected to in plane bending is addressed in this study. An edge
cracked transversely graded plate having continuously varying
Fig. 13. Variation of normalized SIF along the crack front for the different
gradations given in Table 3.
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jected to bending in the plane of the plate. The displacement ﬁeld
on the stiffer and compliant faces of the plate was measured using
digital image correlation. The SIF on the two faces of the plate was
calculated from the measured displacements using the three
dimensional crack tip displacement ﬁelds recently reported for a
cracked transversely graded plate. An expression for calculating
the SIF variation through the thickness was proposed. Further a
three-dimensional ﬁnite element analysis was performed to deter-
mine the variation of the SIF with particular attention to the vari-
ation of SIF near the ends of the crack front. The effect of the
gradation strength and type on the SIF variation was also investi-
gated using FEA. The results of the entire study indicated the
following:
– For the loading considered in this study, the SIF scales simi-
lar to the elastic modulus, whereas the displacements are
invariant through the thickness.
– The prediction of SIF from the simple bending theory expres-
sion matches well with the experimentally measured SIF on
the surfaces of the plate. The predictions also compare well
with the SIF variation obtained from FEA except near the
ends of the crack front.
– The parameters of the corner singular ﬁeld for the graded
plate are very much identical to those reported for homoge-
neous materials.
– The SIF variation across the thickness is inﬂuenced by the
strength of gradation and also by the gradation type. Irre-
spective of the gradation strength and type, the variation
of the normalized SIF is very much identical to that for a
homogeneous material.
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